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ABSTRACT 
 The stochastization of the Jacobi second equality of classical mechanics, by Gaussian 
white noises for the Lagrangian of a particle in an arbitrary field is considered. The quantum 
mechanical Hamilton operator similar to that in Euclidian quantum theory is obtained. The 
conditional transition probability density of the presence of a Brownian particle is obtained 
with the help of the functional integral. The technique of factorisation of the solution of 
Fokker – Plank equation is employed to evaluate the effective potential energy. 
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1 Introduction 
 This paper investigates stochastic equations that describe random canonical 
transformations of classical Hamilton systems and the relationship with Euclidean quantum 
theory. We obtain a stochastic equation that corresponds to a fundamental state function and 
is a positive definite solution of the corresponding Fokker–Planck equation ([1-3]  
 In Euclidean quantum theory every Hamilton operator correspond to an entire set of 
stochastic equations. Each of the equations result from the solution of the time reversed Bloch 
equation with the given Hamiltonian [1,2,4]. For the Hamilton operator , the 
corresponding stochastic equation has the form: 
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 The solution of time reversal Bloch equation 1.1 yields the corresponding Fokker-
Plank equation: 
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with the fundamental solution  written through the Feynman-Kăc formula[1,2,6]: ( txxZ ,;0,0 )
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is the Wiener measure [5] . Consequently the fundamental solution of 1.2 considering the 
Wiener integral [4] yields 
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plays the role of the transformation Jacobian of the  following Fredholm integral equation 
(Volterra-type and equivalent to the initial stochastic equation): 
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It follows that 1.4 is the Fredholm denominator for 1.5. From 1.3 and considering 
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that is the so-called factorisation theorem of the solution of Fokker – Planck equation [1,2,4,7] 
and has the following properties:  
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for any τ . t    0 , ≤≤τ
 Property 1.8 is the Einstein – Smolukhovsky – Kolmogorov equation and processes 
for which it is satisfied are Markovian.  
2 FREE PARTICLE  
 Consider the stochastic equation  
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that is the perturbed Jacobi second equalities [8]. Here  
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is the action functional along the classical trajectory andϕ is the Wiener process.  )(τ
 Consider now the following Wiener measure:  
( ) ( ) ( )∏∫
=


−=
ττ
π
ϕϕτϕ
00
2
2
 
2
exp
s
w
m
ds
sddssmd
h
&
h  
Here h  has the sense of the intensity of Wiener process ϕ  ).(t
 In further evaluations we consider the random perturbation of Jacobi second equalities 
since for the first equalities the Fredholm denominator is degenerate. Consider a free particle 
action functional  
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 With the help of the factorisation theorem of the solution of Fokker-Planck equation 
[1,2], its fundamental solution has the form 
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that is positive definite when0  and can be interpreted as a transition probability 
density. Thus 2.3 can safely be written precisely through path integral, in the Wiener integral 
form. It follows that W represents the probability density that describes the 
presence of Brownian particle at point at the moment . This is on condition, that at the 
initial moment τ the particle is found at point  and at the subsequent moment t  at 
point 
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and called probabilistic measure of trajectories, satisfying  the conditions.  
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 Reduce size of doors in 2.4 such that max  then we arrive a single trajectory 
that passes through a fine tube. This is on condition that at the moment t  it passes through 
point . The probability 2.4 now takes the form: 
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 This measure could also be obtained directly from 2.2 
3 HARMONIC OSCILLATOR  
 From classical mechanics, the Lagrangian of a harmonic oscillator is:  
( ) ( )² 
2
,, 22 xxmtxxL ω−= &&  
and the eikonal is:  
( ) ( ) ( )[ ]xxtxxtmScl ,cos² sin2  2)( ττω τωτωω −−+−=   3.1 
Consider the stochastic equation 
( ) ( ) ( ) , ; ,  1 τϕττω && =∂
∂+
t
cl
t x
txxS
m
x    3.2 
 7 
Substitute 3.1 in 3.2 then this yields  
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that is positive definite when  and can be interpreted as the probability density. 
Partition in 3.3 the time interval [ by the points τ then the probabilities 
of passage of the particles through (  doors has the form:  
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 Expand the sine and cosine functions in a Taylor series relative toτ  and considering 
. 3.4 results at the expression  
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that can also be obtained directly form 3.2. Compare 2.5 and 3.5 then we have  
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This implies that the non-degeneracy of the Jacobian may permit us to make transformations 
from Fredholm integrals for a free particle to Fredholm integrals for a particle in arbitrary 
fields and vice versa. 
4 PARTICLE IN AN ARBITRARY FIELD  
 We consider now W  for a particle in an arbitrary field. Consider the 
stochastic equation  
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It is the force dependent on the state of the system and may not be interpreted as the exterior 
"cause" of the Brownian motion for a particle in an arbitrary field. Consequently the 
Brownian motion has no dynamical, but kinematical nature.  
 The Fokker-Planck equation for the stochastic equation 4.1 has the form   
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Consider the total derivative  
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is the Hamilton operator with an effective potential energy: 
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function . For this reason it is impossible to gauge the canonical transformation.  ( )τϕτ &)(x
Coordinates are invariant for the random canonical transformation, and the momentum 
changes from Ρ  to  and thus the transformation is "random world quake"(i.e., the 
right hand side in equation 4.1 has the same form for all particles).  
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CONCLUSION 
 We present a path integral approach to kinematical Brownian motion, due to random 
canonical transformation. This yields the Jacobi’s second equalities in the form of a stochastic 
equation that leads to the corresponding Fokker – Planck equation. Using the theorem of the 
factorisation of the solution of the Fokker – Planck equation we obtained the Hamilton’s 
operator in which appears an effective potential energy that resembles the Madelung’s 
potential energy. The solution of the Fokker – Planck equation yields the conditional 
transition probability density ( )txxxo , ; , 0; , ττW  that has additional properties to those in 
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[1,2,4,7].  It is found that the variant of Brownian motion has a direct relationship with the 
problems of Euclidian quantum mechanics.  
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